
Theoret. chim. Acta (Berl.) 26, 273--278 (1972) 
�9 by Springer-Verlag 1972 

Perturbation Theory for Excited States. IV 
B. L. BURROWS 

Polytechnic, Stafford, Staffordshire, England 

Received November 26, 1971 

Two of the perturbation methods developed in Paper I (CIPT and SCPT) are extended for use 
with uncoupled Hartree-Fock perturbation theory. Corrections to the uncoupled results are discussed 
and it is found that it is possible to correct using functions which when applied to ground state cal- 
culations are equivalent to the geometric approximation. It is also shown that CIPT and SCPT can 
be applied to ground state calculations and that when coupled perturbed orbitals are used CIPT and 
SCPT are equivalent to the usual coupled perturbation theory. 

Introduction 

Uncoupled Har t ree-Fock perturbation theory has been used with some 
sucess in ground state molecular calculations. For  the ground state it is possible 
to correct the uncoupled function by double perturbation theory [1 -4 ]  so that the 
results obtained are qualitively equivalent to coupled Hart ree-Fock perturbation 
theory. In earlier papers in this series [5 -7]  coupled Hartree-Fock perturbation 
theory was applied to excited states of molecules. In this paper  uncoupled theory 
is applied in a similar way. The perturbations used are restricted to perturbations 
by one electron operators and the methods are illustrated, as in Paper I, by a 
simple K-electron type calculation on trans-butadiene. 

In Section 3 of this paper  Tuan's  interpretation of the geometric approximation 
is discussed and it is seen how this may be used as a correction to uncoupled 
perturbation theory applied to excited states. 

The perturbation method described (that is CIPT of Paper I) can be used in 
ground state calculations. The relationship between the usual uncoupled Hartree- 
Fock perturbation theory and CIPT  is discussed in Section 4. As in Paper I by 
CIPT we mean all possible configurations of correct spin symmetry made up 
from the ground.state  and single excitations of the ground state Hart ree-Fock 
function. In the coupled theory presented in Paper I the ground state coupled 
single determinant had zero contribution with the first singlet excited state. 
However, as we shall see in Section 2, when we use uncoupled theory this is no 
longer true. 

1. Uncoupled Perturbation Theory 

As in coupled theory the starting point for uncoupled theory is the Hartree- 
Fock single determinant for 2n electrons 

V0 o = ]u~ ~(1) u~ fi(2) ... u~ fi(2n)l , (1) 

where the u ~ satisfy the Har t ree-Fock equations 

F ~ u ~ = e ~ u ~ , (2) 
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where 
F ~  ~ ( 2 [ - i ~ 1 7 6 1 7 6 1 7 6  ]) (3) 

i oCC 

in the notation of Ref. [4]. If we now perturb the system by a sum of one electron 
operators 2 ~ z ( i )  and neglect the change in the self consistent terms in F ~ we 

i 
obtain the perturbation equations: 

k 
Ok - - 2  t k - i  F ul + z u~- 1__ ~'i Ui (4) 

t=O 
with the normalisation conditions: 

k 
, t  k-t (ui l uj ~ =,~o~ij. (5) 

t = O  

From these we obtain the expressions: 

(u~~176 o 
u~ -= ~ (eo _ eo) uj , (6) jr 

J*, (to _ ~o) u ~ - �89 (u* ' l  u: ) u ~ . (7) 

2. Configuration Interaction Wavefunctions for Excited States 

As in Paper I we take our zero order functions for singlet and triplet excited 
states to be 

~pOS = ~ c o S(qiPi)~Po, (8) 
I 

lP ~  ~', d o T(q,p,)V:o,  (9) 

where c I and d1 are found by diagonalising the matrix elements of the total Hamil- 
tonian between singlet and triplet states denoted by H ~ and H OT respectively. 
We will now make the convention that expressions without superscripts (except 
for T, S) are quantities obtained through infinite order. For example the quantities 
H s and ui are defined as follows 

HS= ~ /].iBiS, ( 1 0 )  

i = 0  

k k 2 ul- (11) Ui~--- 
k = 0  

With this convention F is now the generalisation of F ~ for the perturbed system. 
The matrix elements are more complicated in uncoupled theory as the uncoupled 
infinite order orbitals ui are not optimised to all orders. In fact we have 

HSj = X + 2 [_Pi qjl qi P3] - [_Pi qj I Pj qi], (12) 

H T =  S - -  [p, q j l P j q J  , (13) 
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where 
X = 6p,pj ~q,q~ E + Op,pj (qi[ F I q j )  -- (~q,qj (piiF ]p j) (14) 

and E is the single determinant ground state energy for the perturbed system. The 
theory for the triplet now follows Paper I exactly where we solve the secular 
equation 

Hc = Ec (15) 

perturbatively. The single configuration function discussed in Papers I and II may 
be deduced in exactly the same way for both the singlet and the triplet. However, 
for full CIPT in the singlet case the functions S(qip~)~p have non zero interaction 
with ~p with respect to the total hamiltonian for the perturbed system ~ + 2 ~ z(i). 

i 
That is to say when we use uncoupled functions Brillouin's theorem does not 
hold for the perturbed system. We may, however, take this into account in our 
perturbation equations by including the ground state determinant in our con- 
figurations. Thus 

N 

~ps= Z c, S(q,p,)tp + Co~p, (16) 
I 

where c o = 0 and the matrix elements HS~ are given by 

H g I =  ]f2(p~lFlq~). (17) 

Thus expressions for E ~ and E 2 are given by 

N N 
E 1  2 ~ o r r l s . o  : ~'I 11IJ c j  : 2 cI~O rJiS11Ij cj~O (18) 

J',J = 0 I ,J = 1 

and 
N 

E 2 ~, 0 l+ 1 2S 0 = ci (Hij cj + Hi j  c A 
I , J = 0  

N N 
= ~ 0 1S 1 2S 0 Q(Hi+ cs + His cj)+ ~ r4*s_0~a **I0 UI ~0 �9 

l , J = l  1=1 

(19) 

3. Corrections to the Uncoupled Wavefunctions 

The essential feature of the uncoupled approximation is the neglect of changes 
in the self consistent potential. Suppose we try to allow for the changes by a sum 
of one electron operators w(i) where 

o~(/) = kz(i) (20) 

and the constant k is chosen in some way so that (k - 1) ~ z(i) approximates to 
i 

the change in self consistent terms F 1 - ~, z(i). With this definition of ~(i)  the 
i 

first two perturbation equations of (4) become 

F~ +kzu  ~176 +~]u ~ (21) 

F o fi2 + k z fix = e ~ t12 + ~/~ fi~ + ~2 u o (22) 

19 Theoret. chim. Acta (Bed.) VoL 26 
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and the normal i sa t ion  condit ions are the same as defined in Eq. (5) with fi~ replacing 
u~. I t  is easy to see f rom (21) and (22) that  the following identities hold:  

fie = ku~,  (23) 

fi2 = k2 u 2 ' (24) 

~,~ = k 2 4 ,  (25) 

~{ = k e 2 . (26) 

It  is well known that  the first order  coupled orbitals u~ and the second order  
coupled energy Ec 2 m a y  be ob ta ined  by  minimis ing the functional  

/ ~  = 2 ~ ((fi~ I F~ - e ~ IriS) + 2 (u~ I z - ~ [u ~  
i :  ~ (27) 

n 

,--,S' (4[a~ ~1 o o ~ ~1 + uj l u~ us ] - - [u, u; l uj u~ Eu, u j l u  ~ 1 7 6  ~ o ~  
j = l  

with respect  to var ia t ions in fii. Tuan  [8] has considered the case when ti~ are of 
special fo rm k u  1 where u~ are the uncoupled  functions. With  this restriction we 
have that  

/~2 = k2(gl,2 _ EO,2) + 2kEO,2, 
where 

E ~  ~ ( u ~ l z l u  ~  
i = 1  

and 
n 

E 1 , 2 -  E(8Euluj o o l u~uj3  2 [u~u~l  o o 1 o 1 o - u j  ui ] - 2 [ u  i - u s l u i u , ] ) .  

(28) 

(29) 

(30) 

Thus  the best fi~ in the restricted form are ob ta ined  by choosing k to minimise 
(28). Fol lowing Tuan  we see tha t  this choice of  k is 

k = - E ~  I'2 - E 0'2) (31) 

and leads to 
rain (/~2) = (E o, 2)2/(E o,2 _ E 1,2) (32) 

which is identical with the usual geometr ic  app rox ima t ion  [8 -10]  used as a 
correct ion to the uncoupled  wavefunctions.  Thus  it would seem that  a reasonable  
choice of  k in Eqs. (21) and  (22) would be as defined in (31). 

4. Relationship with the Ground State 

We m a y  apply  C I P T  to g round  state calculations. To  do this we consider the 
g round  state wavefunct ion for the per turbed  system to be of  the fo rm 

N 

~pG = ~ c ,  S(q~pl) ~p + Co~p . (33) 
I 

In the case of the g round  state ~po G = ~Po. This means  that  c o = 1 and c o = 0 for non 
zero I. N o w  if we use coupled theory  Brillouin's t heorem holds for all orders so 
tha t  c~ = 0 for non  zero I and all k. In addi t ion we have the normal i sa t ion  con- 
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dition 
N 
Z * 0 = 0  (34) Ci CI 

I=0  

which means that  for coupled or  uncoupled  functions we have c~ = 0. However  
if we use uncoupled functions we have c~ r 0 for non zero I and for all orders k 
(since the uncoupled  functions are not  optimised to all orders). Thus  for the g round  
state the first and second order  energies are given by 

E 1 =/ /olo,  (35) 

N 
E2 =/ /020 -~- Z H01S C l '  (36) 

where s- 1 

H~o=2 ~ (u~ ~ (37) 
i=1 

the usual uncoupled first order  energy and 

n 

H2o = 2 Z (u]lzlu~ + Z (S[u]u)lu,~176 (38) 
i i,j 

- 2[u  u j l u  o uO3 - 2Eu: uOlu) uO3) 

which is the usual uncoupled corrected second order energy [1 -4 ] .  In Papers I 
and II  of  this series we discussed a single configurat ion function. In the case of  the 
g round  state this corresponds to defining ~:G __ ~;  in this case the first and second 
order  energies are//olo and HE0 respectively. 

Thus  SCPT is equivalent to the usual uncoupled theory plus Dalgarno ' s  
correct ion when uncoupled functions are used whereas if we use coupled functions 
bo th  SCPT and C I P T  are equivalent to the usual coupled theory. Also if we use 
the geometr ic  functions discussed in Section 3 the SCPT is equivalent to the 
geometric approximat ion.  

5. Results 

In Tables 1 and 2 the results of  simple re-electron calculations on trans-butadiene 
are presented. The per turbat ions  used are the point  per turbat ions  discussed in 
Papers I and I I I  of  this series. In Table 1 the results of  applying C I P T  and SCPT 

Table 1 

Perturbation at atom 1 2 
E 1 E 2 E 1 E 2 

Uncoupled energies 1 
Uncoupled with Dalgarno's correction 
Uncoupled with geometric approximotion 1 
CIPT (uncoupled functions) 1 
CIPT (geometric functions) 1 
Coupled theory energies 1 

- 0.046 1 - 0.039 
- 0.058 - 0.049 
- 0.063 1 - 0.054 
- 0.059 1 - 0.050 
- 0.063 1 - 0.054 
- 0.063 1 - 0.054 

19" 
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Table 2 

Perturbation at atom 1 2 

Singlet Triplet Singlet Triplet 

CIPT (coupled) E 1 1 1 1 1 

E 2 -0.026 -0.070 -0.046 -0.120 

CIPT (uncoupled) E 1 1 1 1 1 

E 2 -0.014 -0.051 -0.032 -0.105 

CIPT (geometric) E 1 1 1 1 1 

E 2 - 0.027 - 0.071 - 0.046 - 0.129 

SCPT (coupled) E 1 1 1 1 1 

E 2 -0.031 -0.064 -0.016 -0.113 

SCPT (uncoupled) E 1 1 1 1 1 

E z - 0.007 - 0.050 - 0.026 - 0.087 

SCPT (geometric) E 1 1 1 1 1 

E 2 -0.039 -0.066 -0.005 -0.122 

t o  g r o u n d  s t a t e  c a l c u l a t i o n s  a r e  p r e s e n t e d  w h e r e a s  in  T a b l e  2 t h e  f irst  a n d  s e c o n d  

o r d e r  e n e r g i e s  g i v e n  a r e  for  t h e  f i rs t  s i ng l e t  a n d  f i rs t  t r i p l e t  exc i t ed  s ta te .  I n  al l  

cases  t h e  g e o m e t r i c  f u n c t i o n s  g ive  r e s u l t s  w h i c h  a g r e e  r e m a r k a b l y  wel l  w i t h  t h e  

c o u p l e d  t h e o r y  resu l t s .  T h u s  we m a y  c o n c l u d e  t h a t  t h e  u se  o f  g e o m e t r i c  f u n c t i o n s  

( t h a t  is c o r r e c t e d  u n c o u p l e d  t h e o r y )  in  exc i t ed  s t a t e  p e r t u r b a t i o n  t h e o r y  s e e m s  to  

l e ad  to  i m p r o v e d  r e s u l t s  in  t h e  s a m e  w a y  t h a t  t h e  g e o m e t r i c  c o r r e c t i o n  i m p r o v e s  

u n c o u p l e d  t h e o r y  g r o u n d  s t a t e  c a l c u l a t i o n s .  
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